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ABSTRACT  £ 

We  prove  existence  of  solutions  to  various  boundary-value  problems  for 

nonautonomous  Hamiltonian  systems  with  forcing  terms: 

-p(t)  =  H’ (t,  x(t),  p(t))  +  f(t) 
x 

x(t)  =  H’ (t,  x(t),  p(t))  +  g(t) 

P 

Among  these  problems  is  that  of  periodic  solutions:  x(t  +  T)  =  x(t), 
p(t  +  T)  =  p(t).  A  special  study  is  made  of  the  classical  case  in  which 
H(x,p)  has  the  form  V(x)  +  |p|2/2,  potential  plus  kinetic  energy,  where  the 
existence  of  an  infinite  family  of  free  harmonics  is  proven.  The  approach 
throughout  is  via  a  variational  principle  involving  a  new,  dual  action 
integral. 
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SIGNIFICANCE  AND  EXPLANATION 


Hamilton’s  differential  equations  are  basic  in  the  study  of  theoretical 


mechanics.  A  particular  class  of  motions  of  interest  for  such  systems  of 


equations  are  the  periodic  ones,  which  correspond  to  oscillations  (vibrations) 


of  the  underlying  physical  system;  the  absence  of  such  motions  is  usually 


associated  with  resonance  phenomena.  In  this  paper  we  give  conditions  on  the 


Hamiltonian  function  H  which  guarantee  the  existence  of  periodic  orbits,  as 


well  as  other  more  general  types  of  motions.  One  distinction  with  previous 


work  on  the  subject  is  that  we  consider  forced  vibrations  arising  from  external 


driving  forces;  another  is  that  the  solutions  in  question  are  characterized 


directly  as  the  solutions  of  a  specific  minimization  problem  (i.e.,  we  obtain 


a  ''variational  principle") ,  a  feature  which  could  prove  useful  for  computational 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  authors  of  this  report. 
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NONLINEAR  OSCILLATIONS  AND  BOUNDARY -VALUE  PROBLEMS 
FOR  HAMILTONIAN  SYSTEMS 
Frank  H.  Clarke’  and  I.  Ekelanl” 

SI.  Introduction:  a  dual  action  principle. 

This  article  is  devoted  to  the  study  of  certain  boundary-value  problems  for 
Hamiltonian  systems  of  the  form 


(1.1) 


-p(t)  =  H'(t,  X(t) ,  p(t))  +  f ( t ) 
j  x 

^  x(t)  =  H'(t,  x(t),  p(t))  +  g(t) 


Here,  we  interpret  f  and  g  as  exterior  forcing  terms,  while  the  (relatively  weak) 
dependence  of  H  on  t  can  be  viewed  as  due  to  the  presence  of  time-varying  para¬ 
meters  in  the  system  itself.  Of  particular  interest  among  the  boundary-value 
problems  associated  with  (1.1)  is  the  question  of  T-periodic  solutions:  x(t  +  T)  = 
x(t) ,  p(t  +  T)  =  p(t).  Our  results,  which  are  of  a  more  general  nature,  prove  the 
existence  on  certain  intervals  (D,T)  of  solutions  (x,p)  to  (1.1)  satisfying  various 
boundary  conditions. 

The  Hamiltonians  H(t,x,p)  that  we  consider  are  convex  in  (x,p)  for  each  t. 
and  in  these  same  variables  exhibit  growth  that  is  superlinear  but  no  more  than 
quadratic  (of  course,  we  are  stating  assumptions  and  facts  loosely  at  this  point) . 

The  superquadratic  case,  which  can  be  treated  by  modifying  our  approach  somewhat 
along  the  lines  of  [7] ,  will  appear  elsewhere  .  our  approach  is  a  refinement  of  the 
one  employed  in  14)  and  later  in  [6],  and  involves  a  new  "dual  action  principle."  To 
describe  this  principle,  let  us  recall  the  conjugate  convex  function  G  corresponding 
to  H: 


(1.2) 


G(t,y,q)  =  sup  {y  •  x  +  q  •  p  -  H(t,x,p)  :  (x,p)  £  1R  x  1R  } 
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Consider  now  the  following  variational  problem:  to  minimize 

T 

(1.3)  /  {-p  •  x  +■  G(t,  -p  -  f,  x  -  g))  dt 

0 

over  functions  (x,pj  satisfying  some  given  set  of  boundary  conditions  at  0  and  T. 
The  dual  action  principle  alluded  to  is  the  following:  if  (x,p)  is  an  extremal  for 
the  functional  (1.2),  then  there  exist  translates  (x,p)  of  (x,p)  which  satisfy  the 
Hamiltonian  system  (1.1)  (i.e.  for  certain  constants  0  ,  s^,  the  functions 
x  »  x  +  o q ,  p  =  p  +  s(  satisfy  (1.1)).  This  is  Lemma  2.1  in  §2,  where  however  the 
change  of  variables 

y  =  x-  g  ,  q  =  p+  f 
has  been  applied  to  the  functional. 

The  function  G  defined  by  (1.2)  may  not  be  differentiable,  and  the  reader  may 
wonder  how  to  interpret  "extremal"  in  the  above.  As  we  shall  see,  the  approach  used 
here  requires  no  differentiability:  in  fact,  we  actually  consider  a  more  general 
"Hamiltonian  inclusion"  of  which  (1.1)  is  a  special  case  (see  2.1).  The  main  advantage 
of  the  dual  action  principle  in  our  present  setting  is  that  the  functional  (1.3)  will 
admit  a  minimum,  in  sharp  contrast  to  the  usual  action  integral 

T 

/  {-p  •  x  +  H(t,x,p)}  dt 

0 

which  is  bounded  neither  above  nor  below.  In  consequence,  the  trajectories  of  (1.1) 
are  not  only  known  to  exist,  but  are  furthermore  characterized  as  solutions  to  a 
specific  minimization  problem,  a  fact  that  could  prove  useful  for  computation. 

In  §2  we  prove  the  existence,  for  all  T  suitably  bounded  above,  of  solutions 
(x,p)  of  (1.1)  for  which  x(T)  -  x(0),  p(T)  -  p(0)  are  arbitrarily  prescribed.  (Thus, 
as  a  special  case,  we  obtain  periodicity) .  A  further  result  yields  existence  of 
solutions  for  which  x(0)  and  x(T)  assume  arbitrarily  prescribed  values. 


f(i)dT,  and  observe  that  F  belongs  to  L  (0,a)  for  a: 


positive  a.  In  the  proofs  of  the  theorems  that  follow,  a  certain  functional 


intervenes  repeatedly;  we  now  define  that  functional  and  prove  a  us« 


r  fxxeo 


and  define 


Note  that  the  integral  is  always  well-defined,  albeit  perhaps  as 


Theorem  2 . 1  If  T  <  »'2/k,  then  the  functional  I  attains  a  minimum  on  any  noneir.pt' 


weakly  closed  subset  S  of  L  x  L  upon  which  it  is  not  identically 


Proof :  (all  norms  are  L  )  By  Holder’s  inequality  we  have 


and  if  this  is  invoked  along  with  (2.4)  we  deduce  immediately 


IMItllFll  +  THII//2]  -  TllgIIM//2  +  (Ml 


Calling  upon  the  inequality  2ab  <_  a  +  b  produces 


Since  the  coefficient  of  the  quadratic  term  is  positive,  it  follows  that  I  is  coercive 


i.e.  that  for  some  e  >  0  and  some  constant  c,  I  satisfies 


Now  let  )  be  a  minimizing  sequence  for  I  over  S.  Then  by  (2.8)  ,  the  sui 


sequence  is  bounded  in  norm,  so  that  we  may  select  (without  relabeling)  a  subsequence 


converging  weakly  to  a  limit  ,^n)  in  S.  We  deduce  from  dominate*.:  convert  r. 


whence  follows  the  fact  that 


ip  converges  uniformly  to 


that 


converges  to  the  corresponding  exj  ression  for  (■ 


) .  The  other  component  of  I 


)dt,  defines  a  convex  functional  known  to  be  weakly  lower 


st-nicont  inuous  (see  (9J  for  details),  and  so  we  gather  the  threads  to  obtain 


The  preceding  theorem  is  the  key  to  the  proofs  of  the  existence  theorems  that 


The  solutions  (x,p)  which  are  asserted  to  exist  are  furthermore  characterized 


as  solutions  to  a  specific  minimization  problem  in  the  calculus  of  variations 


Theorem 


Let  T  <  *2/k,  and  let  A  ,  A  be  any  pair  of  points  in  IK  '.  Then  there 


Remark .  If  it  so  happens  that,  uniformly  in  t 


then  the  upper  bound  on  H  in  (2.2)  is  satisfied  (for  appropriate  c)  by  arbitrarily 


small  k,  so  that  the  conclusions  of  the  theorem  hold  for  all  T 


When 


has  a  certain  specific  value,  our  approach  yields  a  slightly  better 


upper  bound  for  T  (of  course,  the  symmetry  between  x  and  p  yields  an  analogous 


result  for  A  ) 


Theorem  2. 3  Let  T  <  2r/ k,  and  let  A 


Then  there  exists  on 


a  solution 


Remark .  Of  course,  the  greatest  interest  of  theorems  such  as  the  above  has  traditionally 


been  in  the  study  of  periodic  solutions.  We  obtain  periodic  solutions  by  postulating 


g,  and  H(*,x,p)  be  T-periodic,  and  by  taking  A 


or  by  supposing  additionally  that  /  f(i)di  =0  in  Theorem  2.3 


Theorem 


T:.'.  following  result  gives  very  precise-  conditions  on  x  at  the  expense  of  saying 
nothing  about  the  boundary  values  of  p;  it  subsumes  an  earlier  result  of 
Aucin-Ekeland  (2,  Fioposition  2 J. 

Theorem  2 ■  1  Let  T  <  :2/k,  and  let  x  ,  x^  be  any  pair  of  points  in  Un.  Then  there 
exists  a  solution  (x,p)  of  system  ( 2.1 }  satisfying 

(2.11)  x(0)  =  x  ,  x(T)  =  x,  . 

Proof  of  Theorem.  2.- 

Consider  the  problem  of  minimizing  the  functional  I  given  by  (2.6)  subject  to 
the  conditions 

T  T  T  T 

(2.12)  /  v'(T)di  =  A  -  /  g(t)dT  ,  /  <i(T)dt  =  A  +  /  f(T)di 

0  1  0  0  0 

2  2 

Note  that  (2.12)  defines  a  weakly  closed  subset  S  of  L  x  j,  ,  and  that  I  is  finite 
somewhere  on  S  (for  example,  for  the  constant  functions  that  belong  to  S) .  Thus 
by  Theorem  2.1  the  above  minimization  problem  admits  a  solution  (vj,i)j).  We  now  restate 
this  fact  so  as  to  make  it  clear  that  we  are  dealing  with  a  variational  problem;  to 
this  end,  define 


t  t 

y(t)  =  /  s5(T)dt  ,  q(t)  =  /  5  (t  )  dt 

0  0 


and  define  the  variational  integrand  L  by: 


L  (t  ,y  ,q,y  ,q)  =  y  *  F  -  (y  +  gjq  +  G(t,-q,y) 

Observe  then  that  (y,q)  is  a  solution  to  the  problem  of  minimizing 

T 

(2.13)  /  L(t,y ,q,y,q)dt 

0 

over  the  absolutely  continuous  arcs  (y.q)  having  derivatives  in  L  satisfying 

T  T 

(2.14)  y(T)  -  ylO)  =  A  -  /  g(t)dT  ,  q(0)  =  0  ,  q(T)  =  A  +  /  f(x)dt 

0  0 


-7- 


— 


Now  if  G  were  continuously  differentiable  (which  is  equivalent  tc  K  be  in  r:  • 

convex),  it  would  follow  that  (y,q>  is  an  extremal  for  L,  in  the  usual  sen  • 

it  would  satisfy  the  Euler-Lagrange  equation  corresj-cnding  tc  L.  Ir.  our  present 
setting,  L  is  not  differentiable  (nor  is  it  convex),  however  it  is  locally  Lij 
and  the  results  of  [3)  are  available.  These  state  that  (y,q)  is  an  extremal  for 
in  an  extended  sense:  'there  exists  an  absolutely  continuous  function  (r,s)  suer, 
that 

(2.15)  (r,s,r,s)  e  3L(t,y,q,y,q)  a.e. 

where  3L  refers  to  the  generalized  gradient  (see  I  31)  o f  L  (in  all  variables 
jointly  except  t) .  (If  L  were  C*,  then  3L  would  reduce  to  the  usual  gradient; 

the  reader  is  invited  to  show  that  in  this  case  (2.15)  is  just  the  usual  Euler-Lagrar.cc 
equation).  In  view  of  how  L  is  defined,  (2.15)  is  equivalent  to 

(2.16)  r  =  0  ,  s  =  -y  -  g  a.e. 

(2.17)  (-s,  r  -  F  +  q)  e  3G(t,-q,y)  a.e. 

It  follows  that  for  certain  constants  r„  and  o„,  we  have 

0  0 

t  .  . 

(2.18)  (y  +  /  g(i)dx  +  q  -  F  +  rQ)  e  3G(t,-q,y)  a.e. 

By  the  inversion  formula  for  conjugate  subdifferentials,  (2.18)  is  equivalent  to 
.  .  t 

(2.19)  (-q,y)  (  3H(t,  y  +  /  g  +  oQ,  q  -  F  +  rQ)  a.e. 

Let  us  set 

t 

(2.20)  x(t)  =  y(t)  +  /  g(i)dt  +  oQ 

0 

(2.21)  p(t)  *  q (t)  -  F(t)  +  rQ 
Then  (2.19)  is  just  the  system  (2.1): 

(-p  -  f,  x  -  g)  e  3H(t,x,p)  a.e. 


-8- 


Tin  tact.  ti.at  extremals  of  (2.13)  are  linked  to  (-.I,  •  .  way  will  ix  used  r< 
(with  various  types  of  boundary  conditions).  We  surra  nz-  r-  a  fell  . 

n  .  . .  1  if  ( y , <1 )  ;  a  solution  t  the  probl«  f  minimizin  ...  •  •  • 

some  s  t  of  boundary  conditions  on  (y,q)  at  0  ar.d  T,  then  t).-  re  cx.  •  7 
such  that  the  translates  >:  and  p  of  y  and  a  defined  by  (2.-.)  and  2.21) 
satisfy  (2.1). 

Remark .  A  functional  analytic  proof  of  essential.  * 1  .•  mra,  independent  of  * 

results  m  (31,  and  based  upon  an  argument  in  (5),  is  give/,  in  |fc,'. 

Returning  now  to  the  proof  of  Theorem  2.2,  we  not,  that  our  present  bour.dar 
conditions  (2.14)  imply 

x (T)  -  x (0)  =  2,  ,  p(T>  -  p(0)  =  L_ 


Proof  of  Theorem  2.3 

Lemma  2 . 2  If  T  <  2m /k,  then  there  exist  positive  constants  t  ^  and  such  ti.a 

2  T 

for  ail  2 ,  .  in  L  ,  when  j  td)d r  =  0,  we  have 

0 


(2.22) 


I  (*,v>  >_  e  (II ^11  +  II )  -  Cj 


Proof :  When  /  t(t)dT  =  0,  we  have  the  estimate 

0 

t 

II /  tlTJdtll  <_  Tllvll/(2t) 

0 

(This  may  be  seen,  for  example,  by  comparing  the  Fourier  expansion 


2^iit/T  f 

l  q.  e  of  the  T-periodic  function  q(t)  =  J  i(T)di  with  that  of  c  =  ., 

j=0  0  0 

upon  noting  that  q^  =  0).  When  this  sharper  estimate  replaces  (2.7),  the  sane  :  roo 
that  led  to  (2.8)  yields  (2.22). 
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It  then  follows  as  before  that  the  functional  I  admits  a  minimum  over  the  class 


defined  by  (2.12),  with  £ 


f(T)dt.  The  proof  from  this  point  on  is  identical  to 


that  of  Theorem  2.2 


Proof  of  Theorem  2.4 


We  consider  the  problem  of  minimizing  the  functional 


where  I  is  given  by  (2.6)  as  before.  Note  that  if  G  is  defined  by 


then  minimizing  (2.23)  is  equivalent  to  minimizing  the  functional  I  defined  exactly 


as  in  (2.6) ,  but  with  G  replacing  G.  If  we  pick  any  k  >  k,  then  G  will  satisfy 


a  condition  (2.4)  for  c  replaced  by  a  larger  c,  since  it  differs  from  G  by  only 


a  linear  term.  Similarly,  G  will  satisfy  a  condition  of  the  form  (2.5).  Now  we 


k  so  that 


so  that  Theorem  2.1  will  now  apply  to  enable  us  to  conclude  that  there  is  a  solution 


to  the  problem  of  minimizing  (2.23)  subject  to  the  condition 


g(T)dT.  Equivalently,  in  a  more  classical  formulation,  the 


nr.ir.izes 


subject  to  th<  boundary  constraints 


§3.  The  classical  case:  rre<  vibrations. 


Wo  now  investigate  the  case  when  ther<  is  no  forcing  term  on  the  right-hand  .  i  . 
The  Hamiltonian  now  is: 

(3.1)  H(t,x,p)  =  V (t , x)  +  ~  p2 
and  Hamilton's  equations  are: 

(3.2)  x  =  p  ,  p  =  -3V(t,x)  , 

2 

which,  in  the  particular  case  when  V  is  differentiable  (c‘)  and  does  not  depend  •  i 
time,  boils  down  to  the  second-order  system  (Newton's  equations): 

(3.  3)  x  =  -V'  (x) 

Tile  existence  results  in  the  preceding  sections  certainly  apply  to  this  case. 
However,  a  new  problem  arises  in  this  context:  non-triviality.  If  x  <  K"  is  an 
equilibrium,  i.e.  if  3^  V(t,x(1)  a  o  for  all  t  (since  V(t,*)  is  convex,  x^  then 
is  a  global  minimum)  then  the  constant  solution  x(t)  =  x^,  p(t)  -  0  is  T-periodi. 
for  all  T  >  0.  This  we  call  a  trivial  solution:  the  system  rests  at  x^.  The 
following  theorem  asserts  the  existence  of  non-trivial  solutions,  i.e.  free  vibration: 
of  the  system. 

Theorem  3.1  Assume  the  potential  V(t,x)  is  measurable  with  respect  to  t  10, T], 
strictly  convex  with  respect  to  x  (  Di”.  Assume  that  the  origin  is  an  equilibrium: 

(3.4)  V  ( t , x)  ,  V ( t , x)  >  V(t,0)  =  0 
and  that  the  following  estimates  hold: 

k '  ill +a  k  ^ 

(3.5)  V(t,x)  y~a  'X‘  "  c'  i  v(t'x)  i  2  4  c 

(3.6)  Vt  I  x I  <_  n  -»  V(t,x)  >_  j  x“ 

where  k',  a,  c',  k,  c,  n,  K  are  strictly  positive  constants. 

If  T  t  (-— ,^-)  ,  then  there  is  at  least  one  non-trivial  returning  solution 
(x(t),  p(t))  of  Hamilton's  equations  (3.2): 


The  proof,  of  course,  will  involve  the  dual  action  principle,  which  itself  in'-''-:', 
the  Legendre  transform  U(t,’)  of  the  convex  function  V ( t , * )  given  by  Fenchei  s 
formula : 

U(t,y)  =  Sup  {xy  -  V(t,x)} 

(3.8) 

We  claim  that  there  exists  some  e  >  0  such  that: 


i  2  2 

(3.9)  Vt,  | y |  <_  e  **  U(t,y)  <  -  y 

To  prove  this,  we  simply  write  that  for  all  t: 


(3.10) 


K  2 

Sup  {  xy  -  V  (t ,  x)  |  |  x  |  <_  n)  £  Sup  {xy  -  -  x  j  |x!  <  n) 


because  of  relation  (3.6),  so  that: 

(3.11)  Sup  (xy  -  V ( t , x) |  | x |  <  n>  <  2y2/K  . 

The  function  x  h-  xy  -  V(t,x)  attains  its  (unconstrained)  maximum  for 
x  e  U(t,y),  and  its  value  then  is  U(t,y).  In  other  words,  the  left-hand  side  of 
inequality  (3.11)  coincides  with  U(t,y),  as  long  as  3  U(t,y)  intersects  the  ball 
of  radius  n  around  the  origin. 

But  3u(t,0)  is  known  to  be  {0},  because  it  is  just  the  set  of  points  where 
V(t,*)  attains  its  minimum,  which  is  {0}  because  of  inequality  (3.6).  This  same 
estimate  enables  us  to  state  that: 

(3.12)  V ( t , x)  £  Kh  |x|/2  for  jx|  £h 
and  hence : 

(3.13)  V ( t , x)  £  sf  ( j  x |  )  all  <t,x) 

with  sC  (t)  =  Kt2/2  for  |t|  <  h/2  and  •fit)  =  Kn  (t  -  h/2)/2  for  |t|  >  h/2.  It 
follows  that: 

(3.14)  U (t , x)  <_**(|x|)  all  (t,x)  , 

where  f*  is  the  Legendre  transform  of  f .  It  is  finite  for  |t[  £  Kn/2,  so  that, 
for  all  t,  the  function  U  is  continuous  on  the  ball  of  radius  K-/2  around  the 
origin.  It  follows  that,  on  this  ball,  the  multi-valued  mapping  y  •*  3^  U(t,y)  is 


■  .  :in  wit  non-ir;  f  ,  in  x.  com)  act  V'lues,  and  is  upper  somi-continuou:. . 
slr-ct  v  'it,  ')  *  ,  t..is  means  that  there  is  some  c  <  Kn/2  sucli  that, 

13.1") 


I  y  | 


♦  : ix  i  3  U  ( t ,  y )  :  |  x  |  <  n 


^cr  ,  V,  <  •  »  tho  loft-hand  side  of  (3.11)  is  just  U(t,y);  hence  formula  (3.9). 
We  now  provt  the  theorem 

Prcof ;  Consider,  as  in  the  path  (y(t),  q(t))  which  minimizes  the  dual  action 
integral : 


(3. 16) 


J(y.q)  =  /  (-y(t)q(t)  +  I  y  ( t )  '  +  U(t,  -q(t)))dt 

0  i 


under  tiu  constraints: 


(3.17) 


T  T 

/  y  ( t )  dt  =  0  ,  /  q ( t ) dt  «  0 

0  0 


from  Theorem  2.1  (modified  by  lemma  2.2),  with  f  =  )  =  g,  there  is  a  minimizing 

■  .22 

(v,q)  in  L  x  L  ,  which  corresponds  to  a  solution  (x,p)  of  Hamilton's  equations: 

(3.18)  x(t)  =  U' (t,  -q(t))  =  y(t)  +  y 

y  0 

(3.19)  p(t)  =  y(t)  =  q  ( t )  +  q(1 

Clearly,  x(T)  -  x(0)  and  p(T)  =  p(0).  We  now  show  non-trivial ity .  If 

( x ( t ) ,  :  ( t ) )  were  identically  (0,0)  then  so  would  (-q(t),  y ( t ) )  because  of  (3.18) 

and  (3.11)  (relation  (3.6)  implies  that  0  is  the  only  critical  point  of  U(t,*)). 

Thi  ■  in  turn  would  imply  that  J(y,q),  the  minimum  value  of  J,  is  zero. 

V.'  will  now  find  a  feasible  path  (v„ ,«,)  such  that  J(y  ,q„)  <  0.  Start  off  by 

0  0  '00 

:  itire:  J  slightly  differently: 

T 

J(y,q)  /  !y(t)  -  q(t))~  -  |q(t)2  +  U(t,  -q(t)))dt 

0 

Osi:.  estimate  (3.9) 

T  T 

J(y,q)  <  J  (y(t)  -  q  ( t )  i  “dt  +  ~  /  q(t)“  -  ej  (t )  ^ }  dt. 

‘  0  0 
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2t,  3T  2"n  I  i 

Taking  q ^  ( t >  =  a  cos  (qp  t)  and  yQ(t)  =  —  sin  (—  t)  ,  with  0  <  |a|  e  we 


2  2 

, ,  _  .  ,  1  .1  4r  a 

J(y0'q0  -  2  (K  2  ’  1  2 

T 


which  is  strictly  negative  if  T  <  2n/K.  Hence  the  result. 

If  V(*,x)  is  T-periodic  for  each  fixed  x  in  ]Rn,  then  the  relations  (3.7) 
obviously  imply  the  existence  of  a  T-periodic  solution  (x(t) ,  p(t)).  Such  a  solution 
obviously  is  kT-periodic  for  all  k  e  IJ.  It  also  could  be  k  ^T-periodic  for  some 
k  e  W,  except  if  T  is  the  minimal  period.  Interesting  questions  arise  in  that 
connection:  how  many  T-periodic  solutions  are  there?  Is  there  a  way  of  finding  one 
with  minimal  period  T? 

The  following  results  provide  partial  answers  to  these  questions.  From  now  on, 
we  identify  T-periodic  functions  defined  on  1R  with  their  restrictions  on  [0,T]. 
Theorem  3.2  Let  V(t,x)  be  T-periodic  in  t  for  all  x  e  )Rn,  a;'.i  satisfy  all  the 
assumptions  of  theorem  3.1.  Let  (x(t),  p(t))  be  some  T-periodic  solution  found  by 
minimizing  the  dual  action  integral  on  [0,T],  and  ( y(t),  q ( t ) )  the  corresponding 
minimizer.  Set: 

(3.20)  Vy  c  ®n  ,  A(y)  =  Sup  {  |u(s,y)  -  U(s'  ,y)  |  |  (s,s')  6  JR"} 

T  T 

(3.21)  A  -  1  +  (  J  A(-q(t))dt)<  /  y (t) q (t) dt) . 

0  0 


(We  show  below  that  the  quantity  whose  reciprocal  is  taken  is  strictly  positive.) 

Then,  for  no  integer  k  >  A  can  the  solution  (x(t),  p(t))  be  k  ^T-periodic. 
Proof :  Assume  (x(t),  p ( t ) )  is  k  ^T-periodic.  Then  so  is  the  function  (y(t),  q(t) 
because  of  relations  (3.18)  and  (3.19).  We  define  a  new,  T-periodic,  function 


<Yk(t),  qk<t))  by: 


(yk(t),  qk(t))  =  (ky(tk_1),  kq(tk-1)) 
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We  now  compute  J(y  ,q  )  and  got: 


Jlyk’qk)  *  /  ('yk(t)qklt)  +  2  yk(t)i  +  U(t’  ”qk<t,))dt 


•  k  ,nk 


/  {-ky(tk  Sq(tk  *)  +  ^  y<tk  *  U(t,  -q( tk  Sl'rdt 


Tk 


-1 


=  /  (-ky(s)q(s)  +  —  y(s)‘  +  U(ks,  -q(s));k  ds 

0 

The  integrand  is  k  ^-periodic,  so  that  its  integral  over  to,  k  1 T 1  is  k  J 


times  its  integral  over  10, T).  This  yields: 


Jlyk'\)  *  ^  (~ky  (s)q  (s)  +  i  y(s)~  +  U(ks,  -q(s)))ds 


T  T 

*  J(y,q)  -  (k  -  1)  /  y(s)q(s)ds  +  /  {U(ks,  -q(s>)  -  U(s,  -q(s))  ds 
0  0 

T  T 

J(y.  ,q.)  £  J(y,q)  -  (k  -  1)  /  y(s)q(s)ds  +  /  A(-q(s))ds 
k  K  0  0 

But  has  to  bo  qrcater  or  equal  to  J(y,q),  since  (y,q)  is  a  mnir.:;  •. 

The  result  follows  immediately. 

In  other  words,  formula  (3.21)  yields  an  a  priori  estimate  for  the  minimal  :  eru 
of  the  solution  (x(t),  p ( t ) )  found  in  theorem  3.1.  For  this  estimate  to  be  neanin  .. .  . 

the  right-hand  side  of  (3.21)  lias  to  be  finite:  we  shall  sei  that  this  is  tin  eas-  i 
general . 

T 

Notice  first  that  the  integral  /  yq  dt  is  strictly  positive.  Indeed,  we  hav.  . 

0 

by  formula  (3.16): 

T  T  , 

-  /  yq  dt  «  Min  J  -  /  {—  y(t)“  +  U(t,  -q(t)))dt 

0  0  ‘ 


The  first  term  on  the  right-hand  side  is  negative  as  seen  in  the  rroof  of  theorem  3.1, 


and  the  second  is  too,  because  of  inequality  (3.4) 


We  now  show  that,  under  slightly  stronger  assumptions  then  those  of  thecre: 


the  estimate  A  is  finite.  Indeed,  inequalities  (3.5)  yield 


with  8  =  1/a.  This  gives  us  in  turn 


Going  back  to  formula  (3.21),  we  see  that  a  necessary  condition  for  A  to  be 


with  8  =  a 


(3.18);  using  the  Legendre  reciprocity  formula 


where  x(t)  is  known  to  be  continuous,  and  hence  bounded.  This  will  in  general  be 


enough  to  ensure  that  q  belongs  to  L' 


is  continuous  with  respect  to  both  variables,  then  the  set 


is  bounded  whenever  the  set  Be®  is  bounded,  so  that 


Corollary  3.1  Assume  the  potential  V(t,x)  is  continuous  with  respect  to  the 


variables  (t,x)  ,  strictly  convex  in  x  e  IS  and  T-periodic  in  t  •-  F.  Assume  that 


the  origin  is  an  equilibrium 


and  that  the  following  estimates  hold 


(3.2-1)  vt,  x1  <_  n  “  v it , x)  >  *  x' 

wher>  k',  a,  c'  ,  C,  y,  c,  n,  K  are  strictly  positive  constants,  with  T  >  2t  K  *. 

Then  there  is  an  infinite  sequence  k  ■  1,  .  .  .  ,  k  ,  .  .  .  of  integers,  and  for 

0  n 

k  a  k  T-periodic  solution  (x  (t)  ,  i  ( t )  )  of  Hamilton's  equations  (2)  such 
n  n  n  n 

tnat 

(3.25)  m  *  n  **  (x  (t)  ,  p  <t ) )  7  (x  (t),  |  ( t  >  > 

n  n  m  m 

Proof Because  of  inequality  (3.23),  assumption  (3.5)  of  theorem  3.1  is  seen  to  hold 

for  all  k  >  0  (by  adjusting  c  if  necessary).  It  follows  that  the  process  of 

minimizing  the  dual  action  integral  can  be  applied  to  each  of  the  periods  kT,  k  t  K, 

starting  with  k  -  1,  which  yields  some  T-periodic  solution  (x(t),  p^(t)).  By 

theorem  3.2,  there  is  some  integer  k^  such  that  the  k^T-periodic  solution  (x^(t), 

p  ^  ( 1 3 )  obtained  in  this  way  is  not  T-periodic  any  more. 

Now  start  the  process  again  with  the  new  period  T'  =  k^T,  and  pick  an  integer  k', 

and  a  solution  ( x0 ( t ) ,  p,(t))  which  is  k 'T'-periodic  but  not  T’-periodic.  Set 

k  =  k'k  .  Start  again  with  T"  *  k'T'  =  k  T.  The  solutions  (x  (t) ,  p  ( t ) )  defined 
2  2  1  2  2  n  n 

by  that  process  must  have  different  (increasing)  minimal  periods. 

Corollary  3.2  Assunu  the  potential  V(x)  does  not  depend  on  time  t,  and  is  a  strictly 
convex  function  of  x  e  Kn.  Assume  the  origin  is  an  equilibrium: 

(3.26)  Vx,  V(x)  >  V(0)  =0 
ar.d  that  the  following  estimates  hold,  with  k  <_  K: 

(3.27)  Vx,  V(x)  <_  j  x“  +  c 

(3.28)  X |  <  n  “  V(x)  >_  j  x2 

Thcr.,  for  any  T  ■  (2itK  i,  2^k  S  ,  there  is  a  periodic  solution  of  Hamilton's 

e  luetion : 

(  i  .23)  X  =  p  ,  p  £  -  3V(x) 

with  minimal  period  T. 
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Proof :  If  the  potential  V  satisfies  another  estimate: 


(3.30)  Vx,  ~  -  lx1*'  -  c'  <  VU)  , 

for  some  strictly  positive  constants  a.  k* ,  c'  ,  then  all  one  has  to  do  is  to  apply 
theorems  3.1  and  3.2.  The  potential  V  is  T-periodic  in  t  for  all  T  >  0,  and 
formula  (3.20)  defines  My)  to  be  identically  zero,  so  that  A  -  1.  The  result 
follows . 

If  estimate  (3.30)  is  not  satisfied,  one  simply  replaces  V  by  another  strictly 
convex  potential  V  which  does  satisfy  (3.30),  in  addition  to  (3.27),  and  vhich 
coincides  with  V  on  some  large  ball: 

(3. 31)  !  x|  «_  R  =*  VR(x)  =  V(x)  . 

Now  find,  by  minimizing  the  dual  action  integral,  some  T-periodic  solution  of  the 
equations  x  -  p,  p  e  -3  V^(x),  for  which  the  Hamiltonian  is  a  first  integral: 

(3.32)  q-p(t)2  +  V  (x (t) )  =  constant  =  h  . 

Z  R 

This  constant  h  can  be  estimated.  We  have,  using  (3.18),  (3.19)  and  Legendre's 
formula: 

4  p(t)2  +  j  y  (t)  2  +  VR(x(t))  +  UR(-q(t))  = 

=  p  (t)  y  (t)  -  x(t)q(t) 

=  pit)2  -  y (t) q (t)  -  yQ  q(t) 

Integrating  both  sides  and  using  (3.32): 

T  T  T 

/  h  dt  +  /  {-yq  +  y  /2  +  UR(-q)}dt  =  /  p  dt 

0  0  0 

T  2 

hT  +  J  (y,q)  =  /  p  dt 
R  0 

One  then  proceeds  as  in  (6]  to  get  the  estimate: 
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which  depends  only  on  the  constants  in  formula  (3 


The  procedure  is  now  obvious.  Let  T  >  2rk  be  given.  Formula  (3.33)  then 


gives  an  upper  bound  for  h.  Choose  R  so  large  that  V(x)  h  implies  x 


Find  (x(t) ,  p(t)),  a  solution  of  Hamilton's  equations  for  V 


with  minimal  •  eriod 


By  equation  (3.32),  x(t)  lies  entirely  within  the  ball  Jx 


<  R,  so  that 


solves  Hamilton's  equations  for  V 


We  conclude  this  section  by  an  example  .  The  n-dimensional  equation 


has  a  non-trivial  2t -periodic  solution  provided 


This  follows  from  theorem  3.1,  with  the  potential 


(note  that  K  can  be  taken  larger  than  any  given  number,  because  of  the  second  term 


and  that  k  =  1  + 


If  a  *  0,  for  any  T  <  2m ,  equation  (3.34)  has  a  solution  with  minimal 


solution  any  more,  because  one  encounters  parametric  resonance 
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